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Abstract
In this article we construct the Reshetikhin-Turaev invariant associated with the
Drinfeld Center of the spherical category arising from the U(1) BF theory on a closed 3-
manifoldM . This invariant is shown to coincide with the Turaev-Viro invariant ofM thus
providing an example of the Turaev-Virelizier theorem. Finally we exhibit some surgery
formulas for the abelian Turaev-Viro invariant which are very similar to the surgery
formulas of the abelian Reshetikhin-Turaev invariant obtained in the U(1) Chern-Simons
context.
1 Introduction
The relation between Quantum Field Theory and 3-manifold invariants highlighted by E.
Witten [1] has been meticulously investigated in the U(1) case for Chern-Simons and BF
theories thanks to the use of Deligne-Beilinson cohomology [2, 3, 4, 5, 6]. In particular it
was proven that the partition functions of these Quantum Field Theories coincide with the
Reshetikhin-Turaev [7] and Turaev-Viro [8] invariants respectively of M . The categories
on which these invariants are built from are nothing but the irreducible representations
of Zk, k being the coupling constant of the U(1) CS and BF theories. So the cyclic group
Zk can be seen as the abelian equivalent of the Quantum Group appearing in the SU(2)
case.
As a modular category the Drinfeld Center of the spherical category used to generate
the Turaev-Viro invariant can be used to provide a Reshetikhin-Turaev invariant. The
conjecture that these two invariants coincide has been recently turned into a proved
theorem by V. Turaev and A. Virelizier [9].
In this article we will show how the U(1) BF partition function is related with the
Reshetikhin-Turaev invariant of the Drinfeld center of Zk, thus getting an explicit ex-
ample of Turaev-Virelizier theorem as well as, by combining this result with the one of
[6], a reciprocity formula. Eventually we show how to obtain a surgery formula for the
Turaev-Viro invariant from the BF point of view, that is to say how to determine this
invariant for a closed 3-manifold M from a computation in S3 once a surgery link of M
in S3 as been provided. We will show that:
Υk(M) =
1
km
〈ŴS3(LM ;α, β)〉BFk , (1.1)
where Υk(M) is the “specially normalized” abelian Turaev-Viro invariant of M [5] and
ŴS3(LM ;α, β) is the U(1) BF surgery function of M . Ultimately a surgery invariant for
any link L in M as well as a surgery formula associated with this surgery invariant will
be exhibited.
All along this articleM denotes a closed oriented 3-manifold and ΠM is a good cellular
decomposition of M , that is to say a cellular decomposition such that Hk(ΠM) ∼= Hk(M)
for all k.
2 U(1) BF partition function and Turaev-Viro invari-
ant
While choosing
∫
A∧ dB as U(1) BF action on R3 is legitimate, this expression does not
extend to closed oriented 3-manifolds. Indeed on such manifolds U(1)-connections are
1
not globally defined 1-forms. Furthermore the group of gauge transformations which is
Ω0(M)/R on R3 becomes Ω1
Z
(M), the space of closed 1-forms with integral periods onM .
In order to get ride of gauge invariance it seems natural to try to deal with gauge classes
of U(1)-connections instead of local representatives. It so happens that the first Deligne-
Beilinson cohomology group, H1D(M), canonically identifies with the set of equivalence
classes of U(1)-bundles with connections on M . Hence H1D(M) is the appropriate set of
“fields” to consider in the U(1) BF theory. It has to be noted that H1D(M) is also the
appropriate set of fields for the U(1) Chern-Simons theory [2].
The group H1D(M) is embedded into the following exact sequence:
0 −→ Ω
1(M)
Ω1Z(M)
−→ H1D(M,Z) −→ H2(M,Z) −→ 0 , (2.2)
This exact sequence allows to decompose (non canonically) each A ∈ H1D(M) according
to A = A~n + α, where A~n is an origin on the fiber of H
1
D(M) over ~n ∈ H2(M,Z) and
α ∈ Ω1(M)
Ω1
Z
(M)
. In fact as H2(M,Z) = F 2(M) ⊕ T 2(M) we can even write A~n = A~u + A~τ
with ~u ∈ F 2(M) and ~τ ∈ T 2(M). The set of fields of the U(1) BF theory on M is then
chosen to be H1D(M)
1.
The group H1D(M) can be endowed with a commutative product, ⋆, for which:∫
M
A ⋆ B ∈ R/Z , (2.3)
for any A,B ∈ H1D(M). Naively, the product A⋆B can be written as θηM with θ ∈ R/Z
and ηM a normalized volume form onM , and locally, i.e. in any contractible open subset
of M , A ⋆ B = ωA ∧ dωB for some local 1-forms ωA and ωB. The U(1) BF action with
coupling constant k is then:
k
∫
M
A ⋆ B ∈ R/Z , (2.4)
and due to (2.3) we deduce that k ∈ Z (i.e. the coupling constant is quantized as in the
U(1) Chern-Simons theory [2]).
The partition function of the Quantum Field Theory defined by the U(1) BF action
with coupling constant k formally reads:
ZBFk(M) ≡
∑
~m,~n∈H2(M)
∫ ∫
Dα Dβ · exp {2iπk ∫
M
(
(A~m + α) ⋆ (A~n + β)
)}∫ ∫
Dα Dβ · exp{2iπk ∫
M
α ⋆ β
} . (2.5)
1It can alternatively be chosen as the Pontrjagin dual of H1
D
(M) which has a similar structure except
that its fibers are made of distributional classes instead of smooth ones. This is quite irrelevant for our
purpose here and we send the reader to [2, 5] for details.
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The computation fully detailed in [5] yields:
ZBFk(M) =
∑
~κ∈T 2
∑
~τ∈T1
e−2πikQ(~κ,~τ) , (2.6)
where Q : T 2(M)× T 2(M)→ R/Z is the linking form, which after computation gives:
ZBFk =
N∏
j=1
gcd (k, pj) pj , (2.7)
where T 2(M) has been decomposed according to T 2(M) ∼= Zp1⊕· · ·⊕ZpN , with pj |pj+1.
It was shown in [5] that the set of representations of Zk plays the role of the spher-
ical category on which a Turaev-Viro construction can be applied. More explicitly the
objects of the category CZk under consideration are the irreducible representations of
Zk. We denote these objects by Rp with p = 0, · · · , k − 1. The unit object is the trivial
representation R0 and the unit morphism, denoted by Idp, is just multiplication by 1. As
usual, natural transformations are the morphisms of this category and hence:
Hom(Rp, Rq) = δp,q EndC ∼= δp,q C = δp−q,0C . (2.8)
The category CZk is trivially turned into a tensor category by noticing that Rp⊗Rq ∼=
Rp+q ∼= Rq ⊗Rp. Duality is also trivially defined by (Rp)∗ = R−p = Rk−p, since we work
modulo k. So CZk is a pivotal category.
The left and right traces are also trivial in CZk and they coincide so that finally CZk
is a spherical category.
Once a good cellular decomposition ΠM of M is provided we can apply one of the
standard constructions [8, 10, 11] to generate a Turaev-Viro invariant of M . First we
introduce the notion of Zk-labeling of the edges of ΠM that is to say an assignment of
an element of Zk to each edge of ΠM . Since any face (i.e. 2-cell) of ΠM is bounded by
edges of ΠM , any Zk-labeling of ΠM canonically defines a Zk-labeling of the faces of ΠM .
More precisely, given a labeling l of the edges of ΠM , we associate to any oriented face
F bounded by the nF edges σi the Zk-valued quantity Σ
l
F =
nF∑
i=1
l(σi) =
nF∑
i=1
li. The state
spaces of the construction are then:
H(F, lΠ) = Hom(R0, Rl1 ⊗ · · · ⊗ RlnF ) = δΣlF ,0C , (2.9)
and the Zk Turaev-Viro invariant of M is defined as:
Υk(M) = k
−(v−1)
∑
l
(∏
F
δΣl
F
,0
)
, (2.10)
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Strictly speaking the normalization factor usually taken is k−v rather than k−(v−1) so that
Υk(M) is related to the standard Turaev-Viro invariant τk(M) according to Υk(M) =
k.τk(M).
On the first hand a simple computation yields:
Υk(M) = |H1(M,Zk)| , (2.11)
and on the second hand it is easy to check that: |H1(M,Zk)| = kb1
N∏
j=1
gcd (k, pj) where
b1 is the first Betti number of M .
We finally get:
Υk(M) =
kb1
p1 . . . pd
ZBFk . (2.12)
Let us go backtrack on the difference of normalization between the invariantd Υk(M)
and τk(M). In the abelian context the choice made in [5] which leads to Υk(M) seems
more natural since with convention (2.10) we get relation (2.11) whereas the Turaev-
Viro convention yields τk(M) =
1
k
|H1(M,Zk)|. In particular we find that τk(S1×S2) = 1
and τk(S
3) = 1/k, whereas Υk(S
1 × S2) = k and Υk(S3) = 1. Besides in definition
(2.5) of the U(1) BF partition function the normalization factor deals with the fiber
over 0 ∈ H2(M) which turns out to be the unique fiber of H1D(S3). To that extend the
normalization for the U(1) BF partition function is taken with respect to S3 and hence
in both sides of relation (2.12) S3 is taken as reference manifold. The same difference
in normalization occurs when trying to relate the U(1) Chern-Simons partition function
with the Zk Reshetikhin-Turaev invariant. In fact this discrepancy in normalization also
appears in the non-abelian context: the “mathematical” normalization is taken with
respect to S1 × S2 whereas the one coming from Quantum Field Theory is taken with
respect to S3. For instance the SU(2) Reshetikhin-Turaev invariant of S1 × S2 is 1
whereas the expectation value – with respect to the Chern-Simons functional measure –
of the unknot in S3 which is supposed to produce this invariant (perturbatively) yields
q−
1
2 + q
1
2 [14].
3 Drinfeld center of CZk
The Drinfeld center of the spherical category CZk , denoted Z(CZk), is a category whose
objects are couples (Rp, σ) where Rp is an object of C
Zk and σ is a collection of (natural)
isomorphisms σq : Rp ⊗Rq → Rq ⊗ Rp such that:
σq⊗r = σq+r = (Idq ⊗ σr) ◦ (σq ⊗ Idr) = σqσr . (3.13)
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By taking into account the cyclic character of the construction, we immediately deduce
from relation (3.13) that:
σq = e
2iπ qu
k := σ(u)q , (3.14)
for some u ∈ Zk. From now on we denote by (Rp, σ(u)) an object of Z(CZk). The
collection of these objects is Zk × Zk, and by construction σ(u)q is a braiding for CZk .
A morphism f : (Rp, σ
(u)) → (Rq, σ(v)) of Z(CZk) is given by an element f ∈
Hom(Rp, Rq) such that:
(Idr ⊗ f) ◦ σ(u)r = σ(v)r ◦ (Idr ⊗ f) , (3.15)
for all r. In our abelian context this simply gives :
fδp,qe
2iπ ru
k = fδp,qe
2iπ rv
k , (3.16)
for all r, which implies that:
Hom((Rp, σ
(u)), (Rq, σ
(v))) ∼= δp,qδu,vC . (3.17)
The Drinfeld center turns into a monoidal category once we have set:
(Rp, σ
(u))⊗ (Rq, σ(v)) := (Rp+q, σ(u+v)) , (3.18)
and duality is simply defined by:
(Rp, σ
(u))∗ := (Rk−p, σ
(k−u)) . (3.19)
There is a natural braiding on Z(CZk) given by:
C(p,u),(q,v) := σ
(v)
p = e
2iπ pv
k . (3.20)
This braiding is not symmetric since C(q,v),(p,u) = e
2iπ qu
k although it obviously satisfies
the usual braiding constraints:{
C(p+q,u+v),(r,w) = e
2iπ (p+q)w
k = C(p,u),(r,w)C(q,v),(r,w)
C(p,u),(q+r,v+w) = e
2iπ
p(v+w)
k = C(p,u),(q,v)C(p,u),(r,w)
, (3.21)
the Yang-Baxter constraint being trivially fulfilled in this abelian context. Similarly there
is a natural twist on Z(CZk) given by:
Θ(p,u) := σ
(u)
p = e
2iπ pu
k . (3.22)
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This morphism is actually a twist as it satisfies:
Θ(p+q,u+v) = e
2iπ (p+q)(u+v)
k = C(q,v),(p,u)C(p,u),(q,v)Θ(p,u)Θ(q,v) , (3.23)
and it is compatible with duality since:
Θ(p,u)∗ = Θ(k−p,k−u) = e
2iπ
(k−p)(k−u)
k = Θ(p,u) . (3.24)
The braiding on Z(CZk) is also compatible with duality since it fulfills:
C(p,u),(q,v)∗ = e
2iπ
p(k−v)
k = (C(p,u),(q,v))
−1 . (3.25)
all these properties provide Z(CZk) with the structure of a Ribbon category [12]. The
final step is to show that this Ribbon category is also a modular category in the sense of
Turaev [12]. This is achieved by introducing the S-matrix:
S(p,u),(q,v) := C(q,v),(p,u)C(p,u),(q,v) = e
2iπ qu+pv
k . (3.26)
This matrix is symmetric and after some columns and rows rearrangement we have:
det(S) = ±det(A) , (3.27)
where:
A =

1 1 1 · · · 1 1
1 α α2 · · · αk−2 αk−1
1 α2 α4 · · · α(k−2)2 α2(k−1)
...
...
...
. . .
...
...
1 αk−2 α2(k−2) · · · α(k−2)(k−2) α(k−1)(k−2)
1 αk−1 α2(k−1) · · · α(k−2)(k−1) α(k−1)(k−1)

, (3.28)
where α = e
2ipi
k . This is nothing but a Vandermonde matrix and hence:
det(S) = ±
( ∏
06m<n6k−1
(
e2iπ
n
k − e2iπmk ))2k 6= 0 . (3.29)
Let us point out that the determinant of the S-matrix of CZk - the Ribbon category
which gives rise to the abelian Reshetikhin-Turaev invariant of M – is also given by a
Vandermonde determinant [5]. This determinant vanishes if and only if 2(m−n) = 0 [k],
an equation which has non trivial solutions when k is even. Accordingly the Ribbon
category CZk is modular if and only if k is odd, whereas Z(CZk) is a Ribbon category for
any k.
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The dimension of an object (Rp, σ
(u)) of the modular category Z(CZk) is then given
by:
dim((Rp, σ
(u))) = S(p,u),(0,0) = e
2iπ 0u+p0
k = 1 , (3.30)
and the dimension of Z(CZk) by:
D = dim(Z(CZk)) :=
√√√√ k−1∑
p,u=0
(dim (Rp, σ(u)))2 =
√
k2 = k . (3.31)
4 Z(CZk) Reshetikhin-Turaev invariant ofM and surgery
formula
The normalisation factor ∆k appearing in the Reshetikhin-Turaev construction [7, 12]
(see also [13]) is:
∆k =
k−1∑
p,u=0
e2iπ
pu
k = k = D . (4.32)
The Reshetikhin-Turaev invariant of M generated by the Ribbon category Z(CZk) is
then:
RT
Z(CZk) (M) = ∆
s(L)
k D
−s(L)−m−1
∑
(p,u)∈(Zk×Zk)
m
e2iπ
piLiju
j
k , (4.33)
where (Lij) is the m × m linking matrix of a surgery link L of M in S3. Even if its
expression relies on L, the invariant RT
Z(CZk) (M) depends on M and not on the surgery
link representing M .
Taking into account the previous relations we finally obtain:
RT
Z(CZk) (M) =
1
km+1
∑
(p,u)∈(Zk×Zk)
m
e2iπ
piLiju
j
k . (4.34)
A straightforward computation leads to:
RT
Z(CZk) (M) =
1
k
∑
~u∈(Zk)
m
δ
[k]
L~u,~0
, (4.35)
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that is to say:
RT
Z(CZN ) (M) =
1
k
∣∣kerL[k]∣∣ , (4.36)
where L[k] : (Zk)
m → (Zk)m denotes the linear morphism canonically associated with the
linear morphism L : Zm → Zm of the linking matrix of L. There is a well-known exact
sequence for L:
0→ kerL→ Zm L→Zm → Coker L→ 0 , (4.37)
which induces a dual exact sequence (standard property of the Hom functor) which on
its turn yields:
0→ kerL[k] → (Zk)m L
[k]→ (Zk)m → Coker L[k] → 0 , (4.38)
with kerL[k] ∼= Hom(Coker L,Zk). Since we have:
Coker L ∼= H1 (M) , (4.39)
and:
H1 (M,Zk) ∼= Hom(H1 (M) ,Zk)⊕ Ext (H0 (M) ,Zk) = Hom(H1 (M) ,Zk) , (4.40)
we deduce that:
RT
Z(CZk) (M) =
1
k
∣∣H1 (M,Zk)∣∣ . (4.41)
Comparing this result with the one obtained in [5] we conclude that:
RT
Z(CZk) (M) =
1
k
Υk(M) = τk(M) , (4.42)
which yields the abelian Turaev-Virelizier theorem.
Let us combine all this with results obtained in [6] and write reciprocity formulas thus
generated:
1
km
∑
~p∈(Zk)
m
∑
~u∈(Zk)
m
e2iπ
piLiju
j
k =
1
kF+V−1
∑
~q∈(Zk)
F
∑
~v∈(Zk)
E
e2iπ
qaDabv
b
k
=
kb1
p1 × · · · × pT
∑
~κ∈T 2(M)
∑
~τ∈T 2(M)
e2iπkκ
αQαβτ
β
,
(4.43)
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where F (resp. V ) is the number of faces (resp. vertices) of the cellular decomposition
ΠM of M , (Dab) is the matrix representing the de Rham differential on 1-cocycles of ΠM
and (Qαβ) the matrix representing the linking form Q : T
2(M)× T 2(M)→ Q/Z.
In analogy with the abelian Reshetikhin-Turaev surgery formula [4] we can wonder
whether the left-hand side of equations (4.43) can be seen as coming from a computation
in S3. To see this let us consider an integer Dehn framed surgery link LM of M in
S3 such that LM = L1 ∪ L2 ∪ · · · Lm. As H2(S3) = 0, any class A ∈ H1D(S3) can be
canonically identified with a class α ∈ Ω1(S3)/Ω1Z(S3) in S3 according to A = 0+α. With
the introduction of an orientation for each component Li of LM , the U(1) BF surgery
function ŴS3(LM ;α, β) of LM in S3 is defined as:
ŴS3(LM ;α, β) =
m∏
j=1
 k−1∑
pj=0
e
2iπpj
∮
Lj
α
k−1∑
uj=0
e
2iπuj
∮
Lj
β
 , (4.44)
where e
2iπpj
∮
Lj
α
and e
2iπuj
∮
Lj
β
are the holonomies of the gauge classes α and β along
the component loops Lj with charge pj and uj respectively. The expectation value of the
U(1) BF surgery function of LM in S3 is then:
〈ŴS3(LM ;α, β)〉BFk =
∫ ∫
Dα Dβ · e2iπk
∫
M
α⋆β ŴLM (α, β)∫ ∫
Dα Dβ · e2iπk
∫
M
α⋆β
, (4.45)
the evaluation of which [6] yields:
〈ŴS3(LM ;α, β)〉BFk =
∑
~p∈(Zk)
m
∑
~u∈(Zk)
m
e−
2ipi
k
〈~p,L~u〉 , (4.46)
where L is the linking matrix of the surgery link LM in S3. The minus sign in the
exponential is obviously irrelevant so that putting (4.46) all together with (4.43) we get:
Υk(M) =
1
km
〈ŴS3(LM ;α, β)〉BFk , (4.47)
which provides a surgery formula for the abelian Turaev-Viro invariant analogous to the
abelian Reshetikhin-Turaev surgery formula obtained from the U(1) Chern-Simons theory
[4]. By comparing relations (4.47) and (2.12) we can notice that unlike the former the
latter requires a normalization factor which depends onM in order to provide the abelian
Turaev-Viro invariant of M . The normalization factor 1
km
in the right-hand side of the
BF surgery formula (4.47) simply ensures that the resulting expression depends on M
and not on the integer Dehn framed surgery link of LM . Since the same phenomena holds
in the U(1) Chern-Simon case [4] we can say that in the context of these U(1) Quantum
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Field Theory the surgery formula is a little more efficient than the direct computation
on M .
As an example let us consider the unknot with zero charge in S3 is a surgery link for
S1 × S2. A simple computation shows that ŴS3(LS1×S2 ;α, β)〉BFk = k2 and hence that
Υk(S
1×S2) = k which is the correct result. More generally the unknot with charge p in
S3 provides a surgery link for the lens space L(p, 1). We have ŴS3(LL(p,1);α, β)〉BFk =
k gcd(k, p) and thus Υk(L(p, 1)) = gcd(k, p) which is the right answer [5].
Finally if L denotes a link in the complement of LM in S3, then it defines a link in
M , still denoted L, and we have the more general surgery formula:
〈WM(L;A,B)〉BFk =
〈ŴS3(LM ;α, β)WS3(L;α, β)〉BFk
〈ŴS3(LM ;α, β)〉BFk
, (4.48)
where 〈WM(L;α, β)〉BFk is the BF expectation value of the holonomies WM(L;α, β) =
e2iπ
∮
L
αe2iπ
∮
L
β in S3 whereas 〈WM(L;A,B)〉BFk is the BF expectation value of the holonomies
WM(L;A,B) = e
2iπ
∮
L
Ae2iπ
∮
L
B in M . In particular, the quantity:
Υk(M ;L) =
1
km
〈ŴS3(LM ;α, β)WS3(L;α, β)〉BFk , (4.49)
defines a surgery invariant of L in M and we have:
〈WM(L;A,B)〉BFk =
Υk(M ;L)
Υk(M)
. (4.50)
This relation is totally similar to what happens in the U(1) Chern-Simons context [4].
5 Conclusion
We now have a full set of results concerning the U(1) Chern-Simons and BF theories. In
[5] it was shown that in this abelian framework the property τk(M) = |RTk(M)|2 only
holds true for k odd due to the fact that the category Z(CZk) is modular only in that
case. Yet, our abelian framework provides a nice and simple example of Turaev-Virelizier
theorem according to which the Turaev-Viro invariant based on a spherical category C
is equal to the Reshetikhin-Turaev invariant of the Drinfeld center, Z(C), of C [9]. It
has to be pointed out that although Z(CZ4k) is not modular a Reshetikhin-Turaev-like
invariant can be constructed [12, 13, 5] and that it coincides, up to some normalization,
with the U(1) Chern-Simons partition function. Of course this invariant is not the Zk
Turaev-Viro invariant. Conversely although the Turaev-Viro invariant based on Z(CZk)
identifies, up to a normalization, with the U(1) BF partition function on the one hand,
and with the Reshetikhin-Turaev invariant based on Z(CZk) on the other hand, there is a
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priori no Chern-Simons theory whose partition function coincides with this last invariant.
The only Quantum Field Theory which is related to this Reshetikhin-Turaev invariant is
precisely the U(1) BF theory.
Let us end by noticing that although we have identify surgery formulas in the abelian
context of the BF theory, to our knowledge such surgery formulas have never been written
in the non-abelian (ex. SU(2)) context.
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